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We study the gradient flow of functions on large graphs that are invariant under vertex relabeling.
Suppose W ∈ R[n]2 is the adjacency matrix of a labeled graph (V,E). Let fn be a
permutation-invariant function, that is,

fn
(
Wπiπj, i, j ∈ [n]

)
= fn(Wij, i, j ∈ [n]) , ∀ permutations π of [n] .

We are interested in the behavior of the gradient flow Cauchy problem
Ẇij(t) = −∇ijfn(Wij, i, j ∈ [n]) , i, j ∈ [n] . (1)

Question

Continuum limits of large graphs is called graphons. Is there a scaling limit of the Cauchy
problem (1) as a curve on the space of graphons?

Motivation
When fn is a permutation invariant function of 1-d arrays, the scaling limit for problem (1) is
called the Wasserstein gradient flows [1]. This has been successfully used in the context of single
hidden layer Neural Networks (NN) [2, 3], where in problem (1), exchangeable particles are weight
vectors corresponding to neurons in the hidden layer. For NNs with multiple hidden layers, one can
consider the edge weights of the network as exchangeable particles and ask the above question in
this context.
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Figure 1:Finite width Neural Network with multiple hidden layers.

Introduction

Kernels and Graphons
A kernel is a Borel measurable function W : [0, 1]2→ [−1, 1] that is symmetric, i.e.,
W (x, y) = W (y, x). The set of all kernels is denoted by W . Kernels identified up to measure
preserving transformation are called graphons. The set of all graphons is denoted by Ŵ . The
equivalence class of W ∈ W is denoted by [W ] ∈ Ŵ .
Metrics over the space of Graphons
There are two natural metrics on Ŵ :

1 Invariant L2 metric, δ2: Also sometimes referred to as the “Gromov-Wasserstein” metric, the
invariant L2 metric δ2 plays a similar role as the Wasserstein-2 metric does on probability
measures.

2 Cut metric, δ�: The cut metric plays a similar topological role as the metric of weak
convergence does on probability measures.

Functions on Graphons
Any function F : Ŵ → R naturally extends to an invariant function f : W → R by setting
f (W ) = F ([W ]) for W ∈ W . Any symmetric matrix A naturally corresponds to a kernel and
hence can be naturally associated with a graphon. Thus, F defines a map on k × k symmetric
matrices, denoted by fk.
Block Graphons
For k ∈ N, let Wk ⊂ W be the set of kernels that are constant a.e. over rectangles
[i/k, (i + 1)/k]× [j/k, (j + 1)/k], for i, j ∈ [k − 1]. Let the corresponding quotient set be Ŵk.
The gradient flows (a.k.a curves of maximal slope) on Ŵk can be obtained from a suitable scaling
of Euclidean gradient flow on the space of k × k symmetric matrices.

Fréchet-like derivative and λ-semiconvexity

Let f : W → R be the invariant extension of F : Ŵ → R. The Fréchet-like derivative of f at
V ∈ W is given by φ ∈ L∞([0, 1]2) if

lim
W∈W ,

‖W−V ‖2→0

f (W )− f (V )− 〈φ,W − V 〉
‖W − V ‖2

= 0 .

F is λ-semiconvex w.r.t. δ2 for λ ∈ R if there is a geodesic ([Wt])t∈[0,1] ⊂ Ŵ such that

F ([Wt]) ≤ (1− t)F ([W0]) + tF ([W1])−
λ

2
t(1− t)δ2

2([W0], [W1]) .

Result

We obtain sufficient conditions under which the scaling limit of the Euclidean gradient flow of fn
exists and converges as n → ∞ to a curve of maximal slope on (Ŵ , δ2). This convergence is w.r.t.
δ�. We show that (Ŵ , δ2) is a geodesic metric space.

Existence and Convergence of Gradient flows

Let F be continuous w.r.t. δ�, and λ-semiconvex w.r.t. (Ŵ , δ2) for some λ ∈ R. For every
k ∈ N, consider the gradient flow ω(k) : [0, 1] → Ŵk of F starting at ω(k)(0) = [Uk,0] ∈ Ŵk. If
([Uk,0])k∈N

δ�−→ [U0] ∈ Ŵ , and lim supk→∞‖φ(Uk,0)‖2 <∞ and ‖φ(U0)‖2 <∞, then

lim sup
k→∞

sup
t∈[0,1]

δ�
(
ω(k)(t), ω(t)

)
= 0 ,

where ω is the unique curve of maximal slope of F on Ŵ starting at ω(0) = [U0].

Examples

1 Scalar Entropy function: Let h : p 7→ p log p + (1− p) log(1− p), and ε > 0.

E([W ]) := E[h(W (Zi, Zj))] , {Zi}2
i=1

i.i.d.∼ Uni[0, 1] , for ε ≤ W ≤ 1− ε .
2 Homomorphism functions: Let F = (V,E) be a simple graph with k vertices.

HF ([W ]) := E

 ∏
{i,j}∈E

W (Zi, Zj)

 , {Zi}ki=1
i.i.d.∼ Uni[0, 1] , for W ∈ W .

We simulate gradient flows on W24 over the function HF + αE for α ∈ {0, 2−3}, where F is the
5-cycle.

Figure 2: W ∈ W
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Figure 3: Euclidean Gradient descent on W24 for α = 0.
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Figure 4: Euclidean Gradient descent on W24 for α = 2−3.
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